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ORIZOUSES'Estw Mn(k) to sÔnolo twn n × n pin�kwn pou orÐzontai p�nw s� ènas¸ma k. Gia k = Q, Mn(Q) eÐnai to sÔnolo twn rht¸n n × n pin�kwn, gia
k = R, Mn(R) eÐnai to sÔnolo twn pragmatik¸n n×n pin�kwn kai gia k = C,
Mn(C) eÐnai to sÔnolo twn migadik¸n n × n pin�kwn.OrÐzousec n × n.'Estw A = (αij)n×n ∈ Mn(k).

A =







α11 α12 · · · α1n

α21 α22 · · · α2n... ... . . . ...
αn1 αn2 · · · αnn







= (r1, . . . , rn),ìpou ri = (αi1, αi2, · · · , αin) eÐnai oi grammèc tou A gia i = 1, 2, . . . , n.Orismìc: Mia sun�rthsh det : Mn(k) −→ k lègetai orÐzousa sun�r-thsh an ikanopoieÐ tic parak�tw idiìthtec:1) (n-grammik ): (a) Gia k�je i = 1, 2, . . . , n èqoume
det(r1, . . . , ri + r′i, . . . , rn) = det(r1, . . . , ri, . . . , rn) + det(r1, . . . , r

′
i, . . . rn).(b) Gia k�je λ ∈ k kai gia k�je i = 1, 2, . . . , n èqoume:

det(r1, . . . , λri, . . . , rn) = λ det(r1, . . . , ri, . . . , rn).2) (Enall�ssousa) An dÔo diadoqikèc grammèc enìc pÐnaka A eÐnai Ðsec,tìte det(A) = 0. Dhlad  an rk = rk+1 gia k�poio k, tìte
det(r1, . . . , rk, rk+1, . . . , rn) = 0.3) det(In) = 1.Ja onom�zoume to det A orÐzousa tou A. EpÐshc ja sumbolÐzoume thnorÐzousa enìc pÐnaka, me ton Ðdio ton pÐnaka antikajist¸ntac tic parenjèseic1



tou pÐnaka apì dÔo k�jetec grammèc.Par�deigma 1: H sun�rthsh det : M2(k) −→ k pou orÐzetai apì tontÔpo det

(
α11 α12

α21 α22

)

=
α11 α12

α21 α22

= a11a22 − a21a12 eÐnai mia orÐzousasun�rthsh. Pr�gmati, èqoume:
α11+α′

11 α12 + α′
12

α21 α22

=
α11 α12

α21 α22

+
α′

11 α′
12

α21 α22

,

α11 α12

α21 + α′
21 α22 + α′

22

=
α11 α12

α21 α22

+
α11 α12

α′
21 α′

22

,

λα11 λα12

α21 α22

= λ
α11 α12

α21 α22

,

α11 α12

λα21 λα22

= λ
α11 α12

α21 α22dhlad  h sun�rthsh eÐnai grammik  stic dÔo grammèc.EpÐshc eÐnai enall�ssousa:
α11 α12

α11 α12

= a11a12 − a11a12 = 0.Tèloc èqoume
1 0
0 1

= 1.Epomènwc ikanopoioÔntai oi 3 idiìthtec tou orismoÔ.Par�deigma 2: H sun�rthsh det : M3(k) −→ k pou orÐzetai apì tontÔpo wc ex c:
det





α11 α12 α13

α21 α22 α23

α31 α32 α33



 = α11α22α33+α12α23α31+α13α21α32−α11α23α32−α12α21α33−α13α22α31eÐnai mia orÐzousa sun�rthsh. Pr�gmati, èqoume:
det





α11 + α′
11 α12 + α′

12 α13 + α′
13

α21 α22 α23

α31 α32 α33



2



=
α11 + α′

11 α12 + α′
12 α13 + α′

13

α21 α22 α23

α31 α32 α33

= (α11 + α′
11)α22α33 + (α12 + α′

12)α23α31 + (α13 + α′
13)α21α32

−(α11 + α′
11)α23α32 − (α12 + α′

12)α21α33 − (α13 + α′
13)α22α31

= α11α22α33 + α12α23α31 + α13α21α32 − α11α23α32 − α12α21α33 − α13α22α31

+α′
11α22α33 + α′

12α23α31 + α′
13α21α32 − α′

11α23α32 − α′
12α21α33 − α′

13α22α31

=
α11 α12 α13

α21 α22 α23

α31 α32 α33

+
α′

11 α′
12 α′

13

α21 α22 α23

α31 α32 α33

.'Omoia apodeiknÔoume thn parap�nw idiìthta gia th deÔterh kai thn trÐthgramm . EpÐshc èqoume
λα11 λα12 λα13

α21 α22 α23

α31 α32 α33

= λα11α22α33 + λα12α23α31 + λα13α21α32 − λα11α23α32 − λα12α21α33 − λα13α22α31

= λ
α11 α12 α13

α21 α22 α23

α31 α32 α33

,kai to Ðdio mporoÔme na apodeÐxoume gia th deÔterh kai thn trÐth gramm .Sunep¸c h sun�rthsh eÐnai grammik  wc proc tic treic grammèc.EpÐshc eÐnai enall�ssousa:
α11 α12 α13

α11 α12 α13

α31 α32 α33

= a11a12a33+a12a13a31+a13a11a32−a13a12a31−a11a13a32−a12a11a33 = 0,

α11 α12 α13

α21 α22 α23

α21 α22 α23

= a11a22a23+a12a23a21+a13a21a22−a13a22a21−a11a23a22−a12a21a23 = 0,

α11 α12 α13

α21 α22 α23

α11 α12 α13

= a11a22a13+a12a23a11+a13a21a12−a13a22a11−a11a23a12−a12a21a13 = 0.

3



Tèloc èqoume
1 0 0
0 1 0
0 0 1

= 1.Epomènwc ikanopoioÔntai oi 3 idiìthtec tou orismoÔ.Idiìthtec orizous¸nPrìtash 1: An all�xoume th seir� dÔo diadoqik¸n gramm¸n tìte h orÐ-zousa all�zei prìshmo. Dhlad  gia i = 1, 2, . . . , n−1 an A = (r1, . . . , ri, ri+1, . . . , rn)kai B = det(r1, . . . , ri+1, ri, . . . , rn), tìte
det(B) = − det(A).Apod: Apì thn idiìthta 1(a) tou orismoÔ thc orÐzousac, èqoume:

0 = det(r1, . . . , ri + ri+1, ri + ri+1, . . . , rn)

=

=0
︷ ︸︸ ︷

det(r1, . . . , ri, ri, . . . , rn) + det(r1, . . . , ri, ri+1, . . . , rn)

+ det(r1, . . . , ri+1, ri, . . . , rn) +

=0
︷ ︸︸ ︷

det(r1, . . . , ri+1, ri+1, . . . , rn)

= 0 + det(A) + det(B) + 0.'Ara det(B) = − det(A).¤Prìtash 2: An dÔo grammèc tou A eÐnai Ðsec, tìte
det A = 0.Apod.: Upojètoume ìti A = (r1, . . . , ri, . . . , rj, . . . , rn) me ri = rj. All�-zoume thn i-gramm  me tic epìmenec diplanèc grammèc èwc ìtou aut  h gramm p�rei th jèsh thc diplan c gramm c thc j-gramm c. Apì thn prìtash 1 toprìshmo thc orÐzousac all�zei se k�je enallag . 'Ara,

det A = det(r1, . . . , ri, . . . , rj, . . . , rn)

= ± det(r1, . . . , ri, rj, . . . , rn)

= 0. (apì thn idiìthta 2 tou orismoÔ, diìti ri = rj)4



Epomènwc det A = 0.¤Prìtash 3: An j 6= i, tìte
det(r1, . . . , ri + λrj, . . . , rj, . . . , rn) = det(r1, . . . , ri, . . . , rj, . . . , rn),dhlad  an èna pollapl�sio miac gramm c prostejeÐ se mÐa �llh gramm  tìteh tim  thc orÐzousac den all�zei.Apod.: Apì thn idiìthta 1 tou orismoÔ èqoume:

det(r1, . . . , ri + λrj, . . . , rj, . . . , rn)

= det(r1, . . . , ri, . . . , rj, . . . , rn) + λ

=0 (apì prìtash 2)
︷ ︸︸ ︷

det(r1, . . . , rj, . . . , rj, . . . , rn)

= det(r1, . . . , ri, . . . , rj, . . . , rn).¤Orismìc: An A = (αij)n×n ∈ Mn(k), èstw A(i|j) ∈ Mn−1(k) o (n−1)×
(n− 1) pÐnakac pou prokÔptei an paraleÐyoume thn i-gramm  kai j st lh tou
A. O A(i|j) onom�zetai el�ssonac pÐnakac tou stoiqeÐou αij.Je¸rhma 1: 'Estw n > 1 kai det : Mn−1(k) −→ k mia orÐzousa su-n�rthsh. Gia k�je j = 1, 2, . . . n oi sunart seic Dj : Mn(k) −→ k tètoiec¸ste:

Dj(A) =
n∑

i=1

(−1)i+jαij det(A(i|j))eÐnai orÐzousec sunart seic.Apod.: 'Estw A ∈ Mn(k) kai A = (r1, . . . , rn). O el�ssonac pÐnakac
A(i|j) gr�fetai:

A(i|j) = (r1, . . . , ri−1, ri+1, rn),ìpou ri eÐnai h i-gramm  qwrÐc to j-stoiqeÐo. Epomènwc:
Dj(r1, . . . , rk + r′k, . . . , rn)

=
n∑

i=1

(−1)i+jαij det(r1, . . . , rk + r′k, . . . , ri−1, ri+1, . . . , rn)5



=
n∑

i=1

(−1)i+jαij det(r1, . . . , rk, . . . , ri−1, ri+1, . . . , rn)

+
n∑

i=1

(−1)i+jαij det(r1, . . . , r
′
k, . . . , ri−1, ri+1, . . . , rn)

= Dj(r1, . . . , rk, . . . , rn) + Dj(r1, . . . , r
′
k, . . . , rn)kai

Dj(r1, . . . , λrk, . . . , rn)

=
n∑

i=1

(−1)i+jαij det(r1, . . . , λrk, . . . , ri−1, ri+1, . . . , rn)

= λ

n∑

i=1

(−1)i+jαij det(r1, . . . , rk, . . . , ri−1, ri+1, . . . , rn)

= λDj(r1, . . . , rk, . . . , rn).'Ara h Dj eÐnai n-grammik .DeÐqnoume t¸ra ìti h Dj eÐnai enall�ssousa. 'Estw rk = rk+1. Jewr¸
i 6= k kai i 6= k + 1. Sunep¸c o A(i|j) èqei dÔo diadoqikèc seirèc Ðsec.Epomènwc apì thn idiìthta 2 tou orismoÔ, èqoume det(A(i|j)) = 0. 'Ara

Dj(A) = (−1)k+jαkj det(A(k|j)) + (−1)k+1+jαk+1,j det(A(k + 1|j)).Epeid  ìmwc rk = rk+1 èpetai ìti αkj = αk+1,j kai A(k|j) = A(k + 1|j). 'Ara
Dj(A) = 0.Tèloc èqoume, (In)(j|j) = In−1 kai det((In)(j|j)) = 1, sunep¸c Dj(In) =
∑n

i=1
(−1)i+jδij det(In(i|j)) = (−1)j+j det(In(j|j)) = 1. Dhlad  h Dj(In) =

1. 'Ara gia k�je j = 1, 2, . . . , n oi Dj eÐnai orÐzousec sunart seic. ¤Parat rhsh 1: To parap�nw je¸rhma isqÔei kai gia tic sunart seic:
D′

i(A) =
n∑

j=1

(−1)i+jaij det(A(i/j)).Dhlad  an det : Mn−1(k) −→ k eÐnai orÐzousa sun�rthsh, tìte kai oi sunar-t seic D′
i : Mn(k) −→ k eÐnai orÐzousec sunart seic, gia k�je i = 1, 2, . . . , n(H apìdeixh eÐnai parìmoia me thn apìdeixh tou Jewr matoc 1).6



Pìrisma 1 ('Uparxh orÐzousac sun�rthshc) Up�rqei toul�qistonmÐa orÐzousa sun�rthsh sto Mn(k).Apod.: To apodeiknÔoume me epagwg  sto n. 'Hdh eÐdame ìti up�rqeisto M2(k) (Par�deigma 1). EpÐshc to Je¸rhma 1 mac lèei pwc mporoÔme nap�roume orÐzousa sun�rthsh sto Mn(k) ìtan èqoume mia tètoia sun�rthshsto Mn−1(k).¤Je¸rhma 2 (Monadikìthta orÐzousac sun�rthshc) Up�rqei mÐakai monadik  orÐzousa sun�rthsh sto Mn(k).Apod.: 'Estw A ∈ Mn(k) kai det, det′ orÐzousec sunart seic. Jètw
∆(A) = det(A)−det′(A). Ja deÐxoume ìti ∆(A) = 0. 'Estw A = (r1, . . . , rn),me

ri =
n∑

j=1

αijej, 1 ≤ i ≤ n (∗),ìpou ej = ( 0 0 · · · 1 · · · 0 ) eÐnai o pÐnakac gramm  pou èqei 1 sthn
j-jèsh kai 0 opoud pote alloÔ. ParathroÔme ìti :a) H ∆ eÐnai n-grammik  (diìti det, det′ eÐnai n-grammikèc).b) H ∆ eÐnai enall�ssousa (diìti det, det′ eÐnai enall�ssousec).g) An (k1, . . . , kn) eÐnai mia met�jesh twn (1, 2, . . . , n), tìte

∆(rk1
, rk2

, . . . , rkn
) = ±∆(r1, r2, . . . , rn).(diìti to Ðdio sumbaÐnei gia tic det, det′).d) ∆(In) = det(In) − det′(In) = 1 − 1 = 0.Apì thn exÐswsh (∗) an antikatast soume to r1 èqoume:

∆(r1, r2, . . . , rn) = ∆(
n∑

j=1

α1jej, r2, . . . , rn) =
n∑

j=1

α1j∆(ej, r2, . . . , rn).Katìpin antikajistoÔme to r2 me ∑

k α2kek. 'Etsi ∆(ej, r2, . . . , rn) =
∑

k α2k∆(ej, ek, r3, . . . , rn).Sunep¸c,
∆(A) =

∑

j,k

α1jα2k∆(ej, ek, r3, . . . , rn).AntikajistoÔme to r3 me ∑

` α3`e`, k.o.k. 'Etsi telik� èqoume:
∆(A) =

∑

1≤k1,...,kn≤n

α1,k1
α2,k2

. . . αn,kn
∆(ek1

, . . . , ekn
).7



'Omwc, ∆(ek1
, . . . , ekn

) = ±∆(e1, . . . , en) = 0 apì to (δ). Epomènwc ∆(A) =
0.¤Pìrisma 1: Gia k�je j = 1, 2, . . . , n èqoume:

det A =
∑n

i=1
(−1)i+jaij det A(i | j).kai gia k�je i = 1, 2, . . . , n èqoume:

det A =
∑n

j=1
(−1)i+jaij det A(i | j).ShmeÐwsh: Oi parap�nw tÔpoi upologismoÔ thc orÐzousac onom�zontaiantÐstoiqa tÔpoc anaptÔgmatoc kat� th j-st lh kai tÔpoc anaptÔg-matoc kat� th i-gramm .Apod.: 'Ameso pìrisma tou jewr matoc 2 kai thc parat rhshc 1.¤Par�deigma 2: det : M3(k) −→ k, 1 ≤ j ≤ 3. 'Estw A =





α11 α12 α13

α21 α22 α23

α31 α32 α33



 ∈

M3(k). 'Eqoume:
det(A) = D1(A) = α11

α22 α23

α32 α33

− α21

α12 α13

α32 α33

+ α31

α12 α13

α22 α23

,

det(A) = D2(A) = −α12

α21 α23

α31 α33

+ α22

α11 α13

α31 α33

− α32

α11 α13

α21 α23

,

det(A) = D3(A) = α13

α21 α22

α31 α32

− α23

α11 α12

α31 α32

+ α33

α11 α12

α21 α22

,

det(A) = D′
1(A) = α11

α22 α23

α32 α33

− α12

α21 α23

α31 α33

+ α13

α21 α22

α31 α32

,

det(A) = D′
2(A) = −α21

α12 α13

α32 α33

+ α22

α11 α13

α31 α33

− α23

α11 α12

α31 α32

,

det(A) = D′
3(A) = α31

α12 α13

α22 α23

− α32

α11 α13

α21 α23

+ α33

α11 α12

α21 α22

.8



Je¸rhma 3: An A,B ∈ Mn(k), tìte
det(AB) = det(A) det(B).Apod.: H apìdeixh eÐnai èxw apì tic dunatìthtec tou maj matoc.¤Prìtash 4: Gia k�je A ∈ Mn(k), èqoume

det At = det A.Apod.: 'Estw A = (aij) ∈ Mn(k) kai At = (a′
ij) ∈ Mn(k) me a′

ij = ajigia k�je i, j = 1, 2, . . . , n. AnaptÔssoume thn orÐzousa tou A sÔmfwna tontÔpo tou anaptÔgmatoc kat� thn i-gramm :
det(A) =

n∑

j=1

(−1)i+jaij det(A(i|j)) (1).Sth sunèqeia anaptÔssoume thn orÐzousa tou At sÔmfwna me ton tÔpo touanaptÔgmatoc kat� thn j-st lh:
det(At) =

n∑

i=1

(−1)i+ja′
ij det(At(i|j)) =

n∑

i=1

(−1)i+jaji det(At(i|j)).'Omwc At(i|j) = (A(j|i))t, sunep¸c
det(At) =

n∑

i=1

(−1)i+jaji det(At(i|j))

=
n∑

i=1

(−1)i+jaji det((A(j|i))t)

=
n∑

j=1

(−1)i+jaij det((A(i|j))t) (2).H apìdeixh thc prìtashc gÐnetai me epagwg  sto n. Gia n = 2, èstw A =
(

α11 α12

α21 α22

). Tìte At =

(
α11 α21

α12 α22

). Profan¸c èqoume:
det(A) = det

(
α11 α12

α21 α22

)

= a11a22 − a21a12 = det

(
α11 α21

α12 α22

)

= det(At).9



Apì thn upìjesh thc epagwg c èqoume det(A(i|j)) = det((A(i|j))t), �ra apìtic exis¸seic (1) kai (2) sumperaÐnoume ìti
det At = det A.¤Parat rhsh: H prìtash 4 lèei ìti an all�xoume tic grammèc apì ticst lec se ènan pÐnaka tìte h orÐzousa den all�zei. Sunep¸c oi idiìthtec(prot�seic 1,2,3) isqÔoun kai an antikatast soume th lèxh grammèc apì thlèxh st lec.Prìtash 5: An A = (aij)
n
i,j=1 eÐnai ènac �nw (  k�tw) trigwnikìc pÐnakac

n × n tìte h orÐzous� tou eÐnai Ðsh me to ginìmeno twn stoiqeÐwn thc kurÐacdiagwnÐou tou, dhlad :
det A = a11a22 · · · ann =

n∏

i=1

aii.Apod.: 'Estw ìti o pÐnakac A eÐnai �nw trigwnikìc, dhlad  aij = 0 giak�je i > j. Apì ton tÔpo tou anaptÔgmatoc wc proc thn pr¸th st lh èqoume:
α11 α12 · · · α1n

0 α22 · · · α2n... ... . . . ...
0 0 · · · αnn

= a11

α22 α23 · · · α2n

0 α33 · · · α3n... ... . . . ...
0 0 · · · αnn

= a11a22

α33 α34 · · · α3n

0 α44 · · · α4n... ... . . . ...
0 0 · · · αnn

= ... = a11a22 · · · ann.H apìdeixh gia ton k�tw trigwnikì pÐnaka eÐnai antÐstoiqh.¤Suzug c (prosarthmènoc) pÐnakac-upologismìcantÐstrofou pÐnaka.'Estw A = (αij)n×n ènac pÐnakac n × n. Onom�zoume sumpar�gonta  algebrikì sumpl rwma tou stoiqeÐou αij to stoiqeÐo
cij = (−1)i+j det A(i|j).10



Apì to pìrisma 1 xèroume ìti:
det A =

n∑

i=1

αijcij. (1)Orismìc: Onom�zoume suzug  (prosarthmèno) pÐnaka tou A (sumbo-lismìc adjA) ton pÐnaka n × n:
(adjA)ij = cji.'Eqoume det A =

∑n

i=1
αijcij. Gia j 6= k, antikajistoÔme thn j-st lh tou

A apì thn k-st lh kai onom�zoume ton pÐnaka pou prokÔptei B. Tìte o Bèqei dÔo Ðsec st lec. Sunep¸c, det B = 0. Epeid , gia j 6= k, B(i|j) = A(i|j)kai βij = αik, èqoume:
0 = det B =

n∑

i=1

(−1)i+jβij det(B(i|j)) =

=
n∑

i=1

(−1)i+jαik det(A(i|j)) =

=
n∑

i=1

αikcij. (2)'Ara, apì tic exis¸seic (1) kai (2) prokÔptei
n∑

i=1

αikcij = δjk det A. (∗)Je¸rhma 4: 'Estw A ∈ Mn(k). O A eÐnai antistrèyimoc an kai mìnonan det A 6= 0. Epiplèon èqoume
A−1 = (det A)−1adjA.Apod.: Jètoume adjA = (c′ij), ìpou c′ij = cji. Apì thn (∗) èqoume,

((adjA)A)jk =
n∑

i=1

c′jiαik =
n∑

i=1

αikcij = δjk det A.11



Sunep¸c (adjA)A = (det A)I. Ja deÐxoume ìti A(adjA) = (det A)I. 'Eqoume,
(At)(i|j) = (A(j|i))t. Kat� sunèpeia (−1)i+j det(At)(i|j) = (−1)i+j det(A(j|i))t.Dhlad ,

adjAt = (adjA)t.Sunep¸c, (adjAt)At = (det At)I = (det A)I. 'Omwc, (adjAt)At = (A(adjA))t =
A(adjA), ap� ìpou sumperaÐnoume ìti A(adjA) = (det A)I.Sunep¸c, an o A eÐnai antistrèyimoc, tìte up�rqei A−1 tètoioc ¸ste
AA−1 = In. 'Ara paÐrnontac thn orÐzousa kai sta dÔo mèlh thc isìthtacja èqoume det(AA−1) = det(In) = 1 kai apì to je¸rhma 3 prokÔptei ìti
det(A) det(A−1) = 1. Sunep¸c det(A) 6= 0.AntÐstrofa, an det(A) 6= 0 apì touc tÔpouc pou apodeÐxame parap�nw:
(adjA)A = A(adjA) = (det A)I, prokÔptei ìti

A−1 =
1

det(A)
adjA.

¤
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