I'PAMMIKH AATEBPA 2

AYXKHXEIY 11
EAAXIYXTO ITOAYQONYMO-ITPQTAPXIKH
ANAAYXYH

1. Bpelte 10 €AdyLOTO TOAVGVUUO TWY TORUUATW TLVAXWY:
3 0

A= (8 (1)) o B=|0 1 .
2 -1

Boloxouue 1o yopoxtnplotixd ToAuodvUHo Tou A:

Ut DN

xa(A) = det(A— )
- 1
= det ( 0 _>\>
= )2
"Apat oL Tdavéc T Tou EAEyLoTOU ToRUWVOUOU elvar Qa(X) = A A Qa(A) = A2

‘Opwc éyouue A # 0, dpo Qa(A) # A Suvende Qa(N) = A2
Bploxoupe 1o yoapaxtnelotind mtoluodvuuo tou B:

)

- %(—2)(1 SN 42B =N+ (B-NB= A1 =)
5 A)+ (5= NGB = A1 =N

5 A3 =N =\ +1)

“( = 5)(A—2)2.

xB(A) = det(B— AI)

3—A 0
= det 0 1-A

2 -1 5

| ool

Y1 ouvéyea Yo utoroylcouue to eldyloto toAvwvuro tou B. Ot mbavée tyuéc
1oL EAyLoToL ToALLYOROU glvar (A—5)(A—2) A (A—5)(A—2)%. Tlpwta eZetdlouue

av (B —5I)(B — 2I) wolta ue undév. Eyouue,
1 0 3
(B —5I)(B — 2I) 0 -1 2
2 -1 3
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‘Apa éyovue 61t Qp(A) = —(A —5)(\ — 2)2

2. Bpelte 10 eAdyloTO TOAUGVLUO TNC Ypouutxfc amedvone f @ RY — R4
HE f('ra Y, z, ’lU) = (2,I + Y, 2y7 z+ w, 722 + 411})

O nivexag e f ¢ mpog Ty xavovix Bdon tou R elvar o

21 0 0
02 0 0
f1= 00 1 1
0 0 -2 4

Bploxouye 1o yopaxtnelotind noiuodvuue e f:

xr(A) = det([f] = M)
1=\ 0 0 0
0 2-A 0 0
= det | 0 1-A 1
0 0 -2 4-2A
(=N =N[(1 =N =2 +2]

"Apa or mavée Tyéc Tou eldytotou Tohuwviuou etvar Qf(A) = (1—-A)(2—A)(3—
N HQr(A) = (1-X)(2—=N)2(3—N). Hpota e€etdlouue av (1—[f])(21—[f])(3]—
[f]) woolton pe undév. Eyouue,

-1 -1 0 0O -1 0 O 1 -1
—imer-imer-m = [0 s Sy e ool
0 0o 0 2 =2 0 O

0
0
0

0 2 -3
0
0
07'éO
0

o o oo
S o o
o O oo

‘Apa éyovue 6Tt Qf(N) = (1 = A)(2—=N)2(3 = N).
3. Na deiete 61t buolol mivaxeg €xouv To (Blo EAGYLGTO TOAUGVULO.

‘Eoww A, B buotor nivaxec. Tédte undpyet P avtiotpéduuoc nivaxas tétolog
¢ote A= PBP™'. Eotw Qa xon Qp T opoxTHeLoTixd ToNGWIUA TV A %o
B avtlotoryo. Trodétouue 6t Qa(t) = ag + art + ast® + - + ap_1t" 1 + "
xor Qp(t) = bo + bt + bot? + -+ + by 11" + ™. ‘Ouwc éyouue

QB(A) = boI —+ blA —+ b2A2 + .4 bn_lAnfl 4+ A"
= byl + b PAP™ + bz(PAP*1)2 N bn_l(PAPfl)”*l 4 (PAPil)"

NN OO



= bol + by PAP™ + by(PA’P™Y) + - 4 b, {PA" P 4 PA" P!
= P(bol +b1B+byB*+ - +b,_B" ' +B")P!

P(Qp(B)P!

0.

Yuventdg 1o mohudvuuo @p undeviletan and tov mivaxa A. ‘Apa and Ty doxnon
7 ouumepalvouue 6Tl To Q4 Sanpel To @p. Me Ttov (Slo TpdTo Beloxouue 6Tl Q4
pndevileton amd Tov nivoxa B, an’ dmou cuurepalvouue 6Tt to Qg dronpel T0 Q4.

Apa Qa = Qp.

4. Bpelte ol yopatnotoTixd 2ot Tot EAGYLOTO TOANUMYULG TV ToEaxdtw Tvd-

HWV:
a 0 b a+b 0 0
A=10 a+b 0], B= 0 a—b 0 .
b 0 a b 0 a+b

Eivar o1 A, B duotot petalld toug;

‘Eyouue

a— A 0 b
xa(A) = det 0 a+b— A 0

b 0 a— A
= (a=N@+b=XN(a—\) —b*(a+b—N)
= (a+b—N((a—N? =1
= (a+b—-XN*a—b—N)

a+b—A 0 0
xB(A) = det 0 a—b—2A 0

now

b 0 a+b—A
= (a+b—N*(a—b—)\)
Trohoyilouue 10 Q4. Ov mavéc tée tou Qa(A) elvar (a+b—A)(a—b—N)

f (a+b—A)2(a—0b—N). Hpota e€etdlovue av ((a + b)I — A)((a — b)I — A)
tooUTaL Ue UNdév.

b 0 —b\ [=b 0 —b
((a+0)I — A)((a—b)I — A) = (0 0 o)(o —2b o)

0
= |o
0

Apa Qa(N) = (a+b—A)(a—b—)N). Zn ovvéyeta unohoyilovue 10 Qp. Ot
mdovée Tée tou Qp(A) evor (a+b—N)(a—b—X) f (a+b—X)%(a—b— ).



Hpoto e€etdlovue av ((a +b)I — B)((a — b)I ) tooltan ue undév.

—2b o 0
((a+b)I — B)((a—b)I —B) = o 2b o 0
- —2b
0 00
- 0 0 0]#0 (Avb#0).
22 0 0

Apa Qa(N) = (a+b—XN)2(a—b—N). Anady, ot tivoncec A, B éyouv dlapopeTixd
ehdtota toAuGYLU. ‘Apa and Ty doxnon 3 cuunepaivouue bt oL A, B dev elvon
ouoloL.

5. 'BEotw f: V — V ypopuuwd anewévion xou éotw P(t) € k[t] éva nohudvupo
Tou t pe ouvteheotéc oo k. Na delete étL o undevdywpoc e f mou avtiotouyel
OTO TOAUGVUUO P:

Np={veV|P(f)(v) =0},

elvow Stavuopatixde undywpog tou V.

Apxel va del€ouvue 6L yia x&le v1,v2 € Np, v1+v2 € Np xon yio xdde X € k
%oy xdde v € Np éyouvue v € Np. Ilpdyuatt, unodétovue 6t v1,v2 € Np,
dnradhy P(f)(v1) = 0 xon P(f)(v2) = 0. Abyo ypoyruuxbtnmoc tne anetxévi-
one P(f), éxoue P(f)(un +v2) = P(f)(wn) + P(F)(mr) = 0+0 = 0. Apo
vy +v2 € Np. Opota av A € k xo v € Np éyoupe P(f)(v) = 0. Abyw ypouur-
x6tnToc e amewxévione P(f), éxouue P(f)(Av) = AP(f)(v) = A0 = 0. Apu
Av € Np.

6. No delfete ot ou whvoxec A xou A' éyouv To (B0 yopaxTnetoTixd X eNS-
YLOTO TOALWVLLLO.

"EcTe XA KoL X At TOL YOpaXTNELoTind Tohuevuua Tou A xon Tou A' avtloTotya.
Eyoupe:
xa(t) =det(A —tI) = det((A — tI)") = det(A" — (tI)")
= det(A" — tI") = det(A" — tI) = xa: ().
"Eotw Q4 xor Q a¢ o eENdytoTal ToALOVURS Twv A xou AY avtiotouya. Trodétouue
o Qa(t) = aptart+ast®+- - +an_1t" 1" xon QA (t) = bo+bit+bot?+- -+

b1t +1". Ouoc éyouue Qar(A) = bol +by A+bg A2+ 4b, 1 A" 1+ A"
KO HATE CUVETELYL

(Qar(A))"

(boI +b1 A+ b A% 4 -4 b, A" 4 A

bol + by A"+ bp(A%)" + oo by (AT + (A7)
bol + by A" 4+ bo (AN 4 - 4+ b, (AL 4 (A
Qar(A")

= 0.



Apa (Qar(A))" = 0 xou xotd ouvénera Qat(A) = 0. Anhadh To ToAUOdVLUO Q 4t
pndevileton and tov mivoxar A. ‘Apa and v doxnorn 7 cupnepalvouue 6Tl 0 Q4
danpel 10 Q4:. Me tov (Do tpdmo PBeloxouue bt Q4 undevileton and tov mivoxa
A, an’ émou cuuTepaivouue 6Tt 10 Q a¢ Stonpel 10 Qa. Apa Qa = Qat.

7. 'Botw f: V — V ypouuw arewxdvion xou P(t) € k[t] éva moAudvupo tou
t pe ouvteheotéc oto k mou undeviletar and v f (dnh. P(f) = 0). No detéete
OTL T0 EAGYLGTO TOALGVUHO Qf e f doupel o P.

O Bodude Tou moruwviuou P elvan peyaibtepoc 1 {cog Tou and 1o Padiud tou
TOAWYOUOU Qf SLOTL and Tov 0ploUd TO EAEYLOTO TOAUGVUUO @ elvat TO EAo-
ylotou Borduol todudvuuo Tou undeviletar and v f. Egopudlon tnv euxdeldia
Salpeon tou P St Qf: Yrdpyouv mohudvupe R(t), S(t) € k[t] tétowa dote

P(t) =S®)Qs(t) + R(t) (1)

pne 0 < degR(t) < degQr(t). Ané v (1) v t = f nodpvouue P(f) =
S(HQs(f) + R(f). Ouwc and tnv urddeon éyxouue P(f) = 0 xou and tov
optoud Tou eNdyLoToU ToAUWYOUOL Eépouue 6Tt Qf(f) = 0. Apa R(f) = 0. Av
10 TohudvLUo R ev elvon undév éneton dtt R(f) = 0 xon omd tnv euxheldia Stod-
peon o Badude tou R(t) elvon pixpdrepog and tov Badud tou Q¢(t). Atono dd
and Tov 0pLoud 1o Q (1) elvon o uxpdTepou Boduod ToAuMYLUO Tou Undevileton
and v f. Buveroe R(t) = 0. Apa and v (1) éyovue ot P(t) = S(t)Q (1),
dnhadhy to Qf(t) dranpel o P(1).

8. Eow f:V — V ypouuwh anewxévon pe f2 = 3f. Bpelte ic mdavéc
TWég tou erayiotou toAuwviuou tre f. Eivan 7 f dwarywvonouiowun;

Enewdh f2 = 3f énetor 6 10 mohudvupo P(t) = t2 — 3t = t(t — 3) undevile-
Tar and Ty f. Apa amd Ty doxnon 7 1o eAdytoto ToAvwyuuo Q¢ (t) Sonpel To
P(t). Apa o mdavée téc Tou ehaylotou tohuwviuou elvon t(t—3) A (t—3) A t.
‘Ouowe oe xodeuio and Tig TopATdvVew TEQLTTOCELS T0 (Qf YPAPETOL TAUY YLVOUEVO
TpwToBdIULWY TtapayovTwy. Apa 1 f elvor dtaywvormotfiouun.

9. Oewpolue Tov mivaxa:

0 -2 1
A=|[1 -2 2| eMR).
1 —4 4

Aetéte 61 Qa(t) = (2 + 1)(t — 2). Bpelte touc undywpouc Tou R3: Ny2y g xon
N;_o yiotov A,

To yapaxtnpltotxd TohuGVULO Tou A elva:

xa(A) = det(A— )



1
= det 1 —-2-A 2

-4 4-) 1 4—2X —4
= AN +2)A—4)+8]+8—-22—4—-4+2+ )\
= Ao +2
= —(N+1)(\-2).

_ _/\'—2—)\ 2 12 ‘ ’1 —2—/\’

|+

Enetdn 1o nohudvupa A —2 xor A2 41 elvan avdywyo oto R éreton 61 1o eAdytoto
ToAUGYLUO Tou A LoolTon ue:

Qa(\) = -(A=2)(\ +1).

Troroytloupe Toug Ykpouc Na_a xon Nyzy. Tpdta éyouvue Ny_o = {v € R? |
(A —2I)v =0}. Zuverde

—2 -2 1\ [z 0
1 -4 2||y]=1o0
1 -4 2) \z 0

—2r—-2y+2z=0
& r—4y+22=0
r—4y+22=0
4x—|—4y—2z:0
x—4y+22=0

z=0
z =2y
yeR
Apa Ny_2 = {(0, y,2y y € R}. T ouvéyera unohoyilouue 10 Nyz21 1. ‘Eyouue
Ny2y ={veR3| + v = 0}. Buverde
1\*> /10 0 @ 0
2| +(o0 11 y | =10
4 0 0 1 z 0
0 2 00 T 0
5)1+10 2 0 yl=10
—10 9 0 0 2 z 0
0 0 T 0
0 —5 5 (y]=1{0
0 —10 10 z 0
-5y +5z2=0
< {—103/—1-102':0



Yy==z
z,z €R

Apat Ny2y1 = {(z,2,2) | 2,2 € R}. Zuvende and 1o Jedpnuo npwTtopyixhs
avdALOTG €Y OUUE:
R3 = Ny_5 @ Ny,

10. Eotw f €Endg(R3), ue tivoxa o mpog Ty xavovixh Bdorn tov

6 -3 -2
A=14 -1 =2
10 -5 -2

Beeite v npwtapyin avdiuon e f xwon évay mivaxo Tne wopehic

A, 0 -+ 0
0 A;
0 Ay

6uoLo e Tov A.

To yoapaxtneotind noluwdvuuo tne f etvou:

xr(A) = det(A— )
6-X\ -3 2
= det| 4 —1-x 2
10 -5 —2-2)
1o -2 3 2 3 2
= 6-N] 4 2)\‘4‘5 QA‘HO‘lA 2’

= XN 4+3\2—-6)1+38
—(A=2)(AN2 =X +4).

Enewd# o mohudvopo A — 2 xor A2 — X + 4 ebvor ovdyoya uto R éretar 6t 10
EAAYLOTO TOAUOVLUO TNC f toolTan Ue:

Qr(N) =(A—2) (A2 =X +4).

Troroytlovue toug yopouc Na_g xat Nyz_yi4. Hpodta éxovue Ny_o2 = {x €
R3 | (A —2@)x = 0}. Suverde

4 -3 -2 T 0
4 -3 -2 y|=10
10 -5 —4 z 0



dr — 3y —2z=0
= dr — 3y —2z=0
10z — by —42z=0
N dr —3y—2z=0
10z — by — 4z =0
y=—2
& z =5z
reR

Apa Na—o = {(x, —2z,5z) | x € R}. Xn ouvéyera unohoyiloupe 10 Nyz_ 4.
Eyouue Nyz_xyq ={z € R® | (A2 — A+ 41)z = 0}. Suvendc

[ /6 —3 —2\? 6 -3 —2 100 w 0
4 -1 -2 -4 -1 —2]+4|0 1 yl=10
10 -5 -2 10 -5 -2 00 1 2 0

(/4 -5 =2 6 -3 -2 1 0 0\] /= 0
0 -1 —2|-14 -1 —2]+4(0 1 0 yl=10
20 —15 —6 10 -5 -2 00 1/]\z 0
2 -2 0 x 0

4 4 0 yl=10
10 —10 0 2 0
20 — 2y =0

& —4zx+4y =0
10z — 10y =0
r=y
y,z € R

Apot Nyz2_xi1q4 = {(4,9,2) | y,2 € R}. Zuvende and 1o Jedpnua npwtopyixhic
avdALOTG €Y OUUE:
R3 = Ny_3 ® Na2_xi4.

"Apar umopolue vo Boolue e Bdon tou R? mou va amoteheltow and Siaviouota
TV UNdevoywpwv Ny_g xot Ny2_xiq:

B =1{(1,-2,5),(1,1,0),(0,0,1)}.

Ané v unbddeon PBeloxouue tov tomo e f: R — R3: f(z,y,2) = (6 — 3y —
2z,4x — y — 22,10z — by — 2z). Troloyllovue thpa tov Tivaxa e f we Tpog
1 Bdon B. Eyoupe:

F(1,-2,5) = (2,—4,10) = 2(1,—2,0) + 0(1,1,0) + 0(0,0,1)
F(1,1,0) = (3,3,5) =0(1,-2,5) +3(1,1,0) + 5(0,0, 1)
£(0,0,1) = (=2,-2,-2) =0(1,-2,5) + (=2)(1,1,0) + (=2)(0,0,1).



2 0 0
fls=[0 3 —2
0 5 =2

11. 'BEotw f €Endg(R3), ue f(z,y,2) = (x +y — 2z, —x + 3y — 2, —x + y).
Beeite v mpwtopyuf avéduon e f. Xtn ouvéyela Beelte ua Bdon tou R3
TETol HOTE 0 Tvaxos TN f we mpog auth T Bdon va elval The Lopehc

A, 0 -+ 0
0 Ay
0 Ay

O nivoxac tne f wc mpoc Ty xovovixy Bdorn tou R elvow:

1 1 -1
s={-1 3 -1
-1 1 0

To yapaxtnpiotxnd noAvwdvuuo e f elvar:

xf(A) = det([f] = AI)
I-x 1 -1
det [ -1 3-X -1
-1 1 =
3—A —1 1 -1 1 -1
= (1_”’ 1 —A‘+’1 —A‘_’?)—)\ —1’
(1= =3A+1+(1-XN)—(2-N)
= AP 4H4XN2 -4
= —AA-2)%

Emnedy| to mohvdvuua A — 2 xou A elvan avdywya oto R éneton 611 10 eAdyioto

TohudwUo Tne f toolton ue A(A —2) { A(A —2)2. Tlpda e€etdlovue av f2—2f

toobton pe undév. Eyovue

(fQ*Qf)(Z,y,Z) - f(f(:v,y,z))fo(I,y,z)

flety—z—a+3y—z-z+y) —20@+y—z-2+3y—2z-v+y)

(x 4+ 3y — 2z, =3z + Ty — 2z, —2x + 2y) — (22 + 2y — 2z, —2x + 6y — 2z, —2x + 2y)
= (—w—i-y,—x—i—y,O);éO

Suverde Qf(A) = —A(A — 2)2. Troroylovue TOUC YOEOUC Nx—2)> xon Ny.
Mpdyra éyoure Niy_gy2 = {v € R3 | (f — 2id)*v = 0}. Suvend

(f - 2id)2($v Y, Z) = (07070)



(f —2id) o (f — 2id)(z,y,z) = (0,0,0)
(f=2id)(z+y—2z—-2x+3y—2z,—x+y) — (22,2y,22)) = (0,0,0)
(f=2id)(—z+y—=z—x+y—2z—c+y—2z)=(0,0,0)

(—x+y,—x+y,0) — (=22 4+ 2y — 2z, —2x + 2y — 2z, —2x + 2y — 4z) = (0,0,0)
(x —y+2z,2—y+ 22,2z —2y +4z) = (0,0,0)

r=y—2z, y,z€R.

S

Apa Noa—ay2 = {(y — 22,9, 2) | y,2z € R}. E1n cuvéyela unoroyiloupe 0 Ny.
Eyouue Ny = {v € R | Av = 0}. Suverdc

f(z,y,2) = (0,0,0)
& (z+y—2z,—2+4+3y—z,—xz+y)=1(0,0,0)

T=1y
< z =2y
yeR

Apo Ny = {(y,¥,2y) | y € R}. Buverde and 10 Yedpna mputapyixic aviiuong
€Y OUNE:
R? = Nix—2)2 ® Ny.

‘Apo unopolue va Beolue wia Bdon tou R3 ou va armotehelton omé Sroviouata
TV UNBeVOYwenyY N(x_2)z xou Ny:

B=1{(1,1,0),(-2,0,1),(1,1,2)}.

Troroyilovue thpa tov nivaxa tne f we mpog t Bdon B. ‘Exouue:

£(1,1,0) = (2,2,0)=2(1,1,0) +0(—2,0,1) 4+ 0(1,1,2)
£(=2,0,1) = (=3,1,2) =1(1,1,0) +2(=2,0,1) + 0(1,1,2)
f(1,1,2) = (0,0,0) =0(1,1,0) +0(—2,0,1) +0(1,1,2).
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