
GRAMMIKH ALGEBRA 2

ASKHSEIS II
ELAQISTO POLUWNUMO-PRWTARQIKH

ANALUSH

1. BreÐte to el�qisto polu¸numo twn parak�tw pin�kwn:

A =
(

0 1
0 0

)
, B =




3 0 1
2

0 1 2
2 −1 5


 .

BrÐskoume to qarakthristikì polu¸numo tou A:

χA(λ) = det(A− λI)

= det
(−λ 1

0 −λ

)

= λ2

'Ara oi pijanèc timèc tou el�qistou poluwnÔmou eÐnai QA(λ) = λ   QA(λ) = λ2.
'Omwc èqoume A 6= 0, �ra QA(λ) 6= λ. Sunep¸c QA(λ) = λ2.

BrÐskoume to qarakthristikì polu¸numo tou B:

χB(λ) = det(B − λI)

= det




3− λ 0 1
2

0 1− λ 2
2 −1 5− λ




=
1
2
(−2)(1− λ) + 2(3− λ) + (5− λ)(3− λ)(1− λ)

= (5− λ) + (5− λ)(3− λ)(1− λ)
= (5− λ)((3− λ)(1− λ) + 1)
= −(λ− 5)(λ− 2)2.

Sth sunèqeia ja upologÐsoume to el�qisto polu¸numo tou B. Oi pijanèc timèc
tou el�qistou poluwnÔmou eÐnai (λ−5)(λ−2)   (λ−5)(λ−2)2. Pr¸ta exet�zoume
an (B − 5I)(B − 2I) isoÔtai me mhdèn. 'Eqoume,

(B − 5I)(B − 2I) =



−2 0 1

2
0 −4 2
2 −1 0







1 0 1
2

0 −1 2
2 −1 3




=



−1 − 1

2
1
2

4 2 −2
2 1 −1


 6= 0
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'Ara èqoume ìti QB(λ) = −(λ− 5)(λ− 2)2.

2. BreÐte to el�qisto polu¸numo thc grammik c apeikìnishc f : R4 −→ R4

me f(x, y, z, w) = (2x + y, 2y, z + w,−2z + 4w).

O pÐnakac thc f wc proc thn kanonik  b�sh tou R4 eÐnai o

[f ] =




2 1 0 0
0 2 0 0
0 0 1 1
0 0 −2 4


 .

BrÐskoume to qarakthristikì polu¸numo thc f :

χf (λ) = det([f ]− λI)

= det




1− λ 0 0 0
0 2− λ 0 0
0 0 1− λ 1
0 0 −2 4− λ




= (1− λ)(2− λ)[(1− λ)(4− λ) + 2]
= (1− λ)(2− λ)(λ2 − 5λ + 6)
= (1− λ)(2− λ)2(3− λ).

'Ara oi pijanèc timèc tou el�qistou poluwnÔmou eÐnai Qf (λ) = (1−λ)(2−λ)(3−
λ)   Qf (λ) = (1−λ)(2−λ)2(3−λ). Pr¸ta exet�zoume an (I−[f ])(2I−[f ])(3I−
[f ]) isoÔtai me mhdèn. 'Eqoume,

(I − [f ])(2I − [f ])(3I − [f ]) =



−1 −1 0 0
0 −1 0 0
0 0 0 −1
0 0 2 −3







0 −1 0 0
0 0 0 0
0 0 1 −1
0 0 2 −2







1 −1 0 0
0 1 0 0
0 0 2 −1
0 0 2 −1




=




0 1 0 0
0 0 0 0
0 0 0 0
0 0 0 0


 6= 0

'Ara èqoume ìti Qf (λ) = (1− λ)(2− λ)2(3− λ).

3. Na deÐxete ìti ìmoioi pÐnakec èqoun to Ðdio el�qisto polu¸numo.

'Estw A,B ìmoioi pÐnakec. Tìte up�rqei P antistrèyimoc pÐnakac tètoioc
¸ste A = PBP−1. 'Estw QA kai QB ta qarakthristik� polu¸numa twn A kai
B antÐstoiqa. Upojètoume ìti QA(t) = a0 + a1t + a2t

2 + · · · + an−1t
n−1 + tn

kai QB(t) = b0 + b1t + b2t
2 + · · ·+ bn−1t

n−1 + tn. 'Omwc èqoume

QB(A) = b0I + b1A + b2A
2 + · · ·+ bn−1A

n−1 + An

= b0I + b1PAP−1 + b2(PAP−1)2 + · · ·+ bn−1(PAP−1)n−1 + (PAP−1)n
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= b0I + b1PAP−1 + b2(PA2P−1) + · · ·+ bn−1PAn−1P−1 + PAnP−1

= P (b0I + b1B + b2B
2 + · · ·+ bn−1B

n−1 + Bn)P−1

= P (QB(B))P−1

= 0.

Sunep¸c to polu¸numo QB mhdenÐzetai apì ton pÐnaka A. 'Ara apì thn �skhsh
7 sumperaÐnoume ìti to QA diaireÐ to QB . Me ton Ðdio trìpo brÐskoume ìti QA

mhdenÐzetai apì ton pÐnaka B, ap' ìpou sumperaÐnoume ìti to QB diaireÐ to QA.
'Ara QA = QB .

4. BreÐte ta qarakthristik� kai ta el�qista polu¸numa twn parak�tw pin�-
kwn:

A =




a 0 b
0 a + b 0
b 0 a


 , B =




a + b 0 0
0 a− b 0
b 0 a + b


 .

EÐnai oi A, B ìmoioi metaxÔ touc?

'Eqoume

χA(λ) = det




a− λ 0 b
0 a + b− λ 0
b 0 a− λ




= (a− λ)(a + b− λ)(a− λ)− b2(a + b− λ)
= (a + b− λ)((a− λ)2 − b2)
= (a + b− λ)2(a− b− λ)

kai

χB(λ) = det




a + b− λ 0 0
0 a− b− λ 0
b 0 a + b− λ




= (a + b− λ)2(a− b− λ)

UpologÐzoume to QA. Oi pijanèc timèc tou QA(λ) eÐnai (a + b − λ)(a − b − λ)
  (a + b − λ)2(a − b − λ). Pr¸ta exet�zoume an ((a + b)I − A)((a − b)I − A)
isoÔtai me mhdèn.

((a + b)I −A)((a− b)I −A) =




b 0 −b
0 0 0
−b 0 b






−b 0 −b
0 −2b 0
−b 0 −b




=




0 0 0
0 0 0
0 0 0


 .

'Ara QA(λ) = (a + b − λ)(a − b − λ). Sth sunèqeia upologÐzoume to QB . Oi
pijanèc timèc tou QB(λ) eÐnai (a + b− λ)(a− b− λ)   (a + b− λ)2(a− b− λ).
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Pr¸ta exet�zoume an ((a + b)I −B)((a− b)I −B) isoÔtai me mhdèn.

((a + b)I −B)((a− b)I −B) =




0 0 0
0 2b 0
−b 0 0






−2b 0 0
0 0 0
−b 0 −2b




=




0 0 0
0 0 0

−2b2 0 0


 6= 0 (An b 6= 0).

'Ara QA(λ) = (a+ b−λ)2(a− b−λ). Dhlad  oi pÐnakec A, B èqoun diaforetik�
el�qista polu¸numa. 'Ara apì thn �skhsh 3 sumperaÐnoume ìti oi A,B den eÐnai
ìmoioi.

5. 'Estw f : V → V grammik  apeikìnish kai èstw P (t) ∈ k[t] èna polu¸numo
tou t me suntelestèc sto k. Na deÐxete ìti o mhdenìqwroc thc f pou antistoiqeÐ
sto polu¸numo P :

NP = {v ∈ V | P (f)(v) = 0},
eÐnai dianusmatikìc upìqwroc tou V .

ArkeÐ na deÐxoume ìti gia k�je v1, v2 ∈ NP , v1 +v2 ∈ NP kai gia k�je λ ∈ k
kai gia k�je v ∈ NP èqoume λv ∈ NP . Pr�gmati, upojètoume ìti v1, v2 ∈ NP ,
dhlad  P (f)(v1) = 0 kai P (f)(v2) = 0. Lìgw grammikìthtac thc apeikìni-
shc P (f), èqoume P (f)(v1 + v2) = P (f)(v1) + P (f)(v1) = 0 + 0 = 0. 'Ara
v1 + v2 ∈ NP . 'Omoia an λ ∈ k kai v ∈ NP èqoume P (f)(v) = 0. Lìgw grammi-
kìthtac thc apeikìnishc P (f), èqoume P (f)(λv) = λP (f)(v) = λ · 0 = 0. 'Ara
λv ∈ NP .

6. Na deÐxete ìti oi pÐnakec A kai At èqoun to Ðdio qarakthristikì kai el�-
qisto polu¸numo.

'Estw χA kai χAt ta qarakthristik� polu¸numa tou A kai tou At antÐstoiqa.
'Eqoume:

χA(t) = det(A− tI) = det((A− tI)t) = det(At − (tI)t)
= det(At − tIt) = det(At − tI) = χAt(t).

'Estw QA kai QAt ta el�qista polu¸numa twn A kai At antÐstoiqa. Upojètoume
ìti QA(t) = a0+a1t+a2t

2+· · ·+an−1t
n−1+tn kai QAt(t) = b0+b1t+b2t

2+· · ·+
bn−1t

n−1 + tn. 'Omwc èqoume QAt(A) = b0I + b1A+ b2A
2 + · · ·+ bn−1A

n−1 +An

kai kat� sunèpeia

(QAt(A))t = (b0I + b1A + b2A
2 + · · ·+ bn−1A

n−1 + An)t

= b0I + b1A
t + b2(A2)t + · · ·+ bn−1(An−1)t + (An)t

= b0I + b1A
t + b2(At)2 + · · ·+ bn−1(At)n−1 + (At)n

= QAt(At)
= 0.

4



'Ara (QAt(A))t = 0 kai kat� sunèpeia QAt(A) = 0. Dhlad  to polu¸numo QAt

mhdenÐzetai apì ton pÐnaka A. 'Ara apì thn �skhsh 7 sumperaÐnoume ìti to QA

diaireÐ to QAt . Me ton Ðdio trìpo brÐskoume ìti QA mhdenÐzetai apì ton pÐnaka
At, ap' ìpou sumperaÐnoume ìti to QAt diaireÐ to QA. 'Ara QA = QAt .

7. 'Estw f : V → V grammik  apeikìnish kai P (t) ∈ k[t] èna polu¸numo tou
t me suntelestèc sto k pou mhdenÐzetai apì thn f (dhl. P (f) = 0). Na deÐxete
ìti to el�qisto polu¸numo Qf thc f diaireÐ to P .

O bajmìc tou poluwnÔmou P eÐnai megalÔteroc   Ðsoc tou apì to bajmì tou
poluwnÔmou Qf diìti apì ton orismì to el�qisto polu¸numo Qf eÐnai to ela-
qÐstou bajmoÔ polu¸numo pou mhdenÐzetai apì thn f . Efarmìzw thn eukleÐdia
diaÐresh tou P dia Qf : Up�rqoun polu¸numa R(t), S(t) ∈ k[t] tètoia ¸ste

P (t) = S(t)Qf (t) + R(t) (1)

me 0 ≤ deg R(t) < deg Qf (t). Apì thn (1) gia t = f paÐrnoume P (f) =
S(f)Qf (f) + R(f). 'Omwc apì thn upìjesh èqoume P (f) = 0 kai apì ton
orismì tou el�qistou poluwnÔmou xèroume ìti Qf (f) = 0. 'Ara R(f) = 0. An
to polu¸numo R den eÐnai mhdèn èpetai ìti R(f) = 0 kai apì thn eukleÐdia diaÐ-
resh o bajmìc tou R(t) eÐnai mikrìteroc apì ton bajmì tou Qf (t). 'Atopo diìti
apì ton orismì to Qf (t) eÐnai to mikrìterou bajmoÔ polu¸numo pou mhdenÐzetai
apì thn f . Sunep¸c R(t) = 0. 'Ara apì thn (1) èqoume ìti P (t) = S(t)Qf (t),
dhlad  to Qf (t) diaireÐ to P (t).

8. 'Estw f : V → V grammik  apeikìnish me f2 = 3f . BreÐte tic pijanèc
timèc tou elaqÐstou poluwnÔmou thc f . EÐnai h f diagwnopoi simh?

Epeid  f2 = 3f èpetai ìti to polu¸numo P (t) = t2 − 3t = t(t− 3) mhdenÐze-
tai apì thn f . 'Ara apì thn �skhsh 7 to el�qisto polu¸numo Qf (t) diaireÐ to
P (t). 'Ara oi pijanèc timèc tou elaqÐstou poluwnÔmou eÐnai t(t−3)   (t−3)   t.
'Omwc se kajemÐa apì tic parap�nw peript¸seic to Qf gr�fetai san ginìmeno
prwtob�jmiwn paragìntwn. 'Ara h f eÐnai diagwnopoi simh.

9. JewroÔme ton pÐnaka:

A =




0 −2 1
1 −2 2
1 −4 4


 ∈ M3(R).

DeÐxte ìti QA(t) = (t2 + 1)(t − 2). BreÐte touc upìqwrouc tou R3: Nt2+1 kai
Nt−2 gia ton A.

To qarakthristikì polu¸numo tou A eÐnai:

χA(λ) = det(A− λI)
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= det



−λ −2 1
1 −2− λ 2
1 −4 4− λ




= −λ

∣∣∣∣
−2− λ 2
−4 4− λ

∣∣∣∣ + 2
∣∣∣∣
1 2
1 4− λ

∣∣∣∣ +
∣∣∣∣
1 −2− λ
1 −4

∣∣∣∣
= −λ[(λ + 2)(λ− 4) + 8] + 8− 2λ− 4− 4 + 2 + λ

= −λ3 + 2λ2 − λ + 2
= −(λ2 + 1)(λ− 2).

Epeid  ta polu¸numa λ−2 kai λ2+1 eÐnai an�gwga sto R èpetai ìti to el�qisto
polu¸numo tou A isoÔtai me:

QA(λ) = −(λ− 2)(λ2 + 1).

Upologizoume touc q¸rouc Nλ−2 kai Nλ2+1. Pr¸ta èqoume Nλ−2 = {v ∈ R3 |
(A− 2I)v = 0}. Sunep¸c



−2 −2 1
1 −4 2
1 −4 2







x
y
z


 =




0
0
0




⇔



−2x− 2y + z = 0
x− 4y + 2z = 0
x− 4y + 2z = 0

⇔
{

4x + 4y − 2z = 0
x− 4y + 2z = 0

⇔




x = 0
z = 2y
y ∈ R

.

'Ara Nλ−2 = {(0, y, 2y) | y ∈ R}. Sth sunèqeia upologÐzoume to Nλ2+1. 'Eqoume
Nλ2+1 = {v ∈ R3 | (A2 + I)v = 0}. Sunep¸c







0 −2 1
1 −2 2
1 −4 4




2

+




1 0 0
0 1 1
0 0 1










x
y
z


 =




0
0
0









−1 0 0
0 −6 5
0 −10 9


 +




2 0 0
0 2 0
0 0 2










x
y
z


 =




0
0
0







0 0 0
0 −5 5
0 −10 10







x
y
z


 =




0
0
0




⇔
{ −5y + 5z = 0
−10y + 10z = 0
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⇔
{

y = z
x, z ∈ R

'Ara Nλ2+1 = {(x, z, z) | x, z ∈ R}. Sunep¸c apì to je¸rhma prwtarqik c
an�lushc èqoume:

R3 = Nλ−2 ⊕Nλ2+1.

10. 'Estw f ∈Endk(R3), me pÐnaka wc proc thn kanonik  b�sh ton

A =




6 −3 −2
4 −1 −2
10 −5 −2


 .

BreÐte thn prwtarqik  an�lush thc f kai ènan pÐnaka thc morf c



A1 0 · · · 0
0 A1

. . .
0 Ak




ìmoio me ton A.

To qarakthristikì polu¸numo thc f eÐnai:

χf (λ) = det(A− λI)

= det




6− λ −3 −2
4 −1− λ −2
10 −5 −2− λ




= (6− λ)
∣∣∣∣
−1− λ −2
−5 −2− λ

∣∣∣∣− 4
∣∣∣∣
−3 −2
−5 −2− λ

∣∣∣∣ + 10
∣∣∣∣

−3 −2
−1− λ −2

∣∣∣∣
= −λ3 + 3λ2 − 6λ + 8
= −(λ− 2)(λ2 − λ + 4).

Epeid  ta polu¸numa λ − 2 kai λ2 − λ + 4 eÐnai an�gwga mto R èpetai ìti to
el�qisto polu¸numo thc f isoÔtai me:

Qf (λ) = (λ− 2)(λ2 − λ + 4).

Upologizoume touc q¸rouc Nλ−2 kai Nλ2−λ+4. Pr¸ta èqoume Nλ−2 = {x ∈
R3 | (A− 2I)x = 0}. Sunep¸c




4 −3 −2
4 −3 −2
10 −5 −4







x
y
z


 =




0
0
0



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⇔




4x− 3y − 2z = 0
4x− 3y − 2z = 0
10x− 5y − 4z = 0

⇔
{

4x− 3y − 2z = 0
10x− 5y − 4z = 0

⇔




y = −2x
z = 5x
x ∈ R

.

'Ara Nλ−2 = {(x,−2x, 5x) | x ∈ R}. Sth sunèqeia upologÐzoume to Nλ2−λ+4.
'Eqoume Nλ2−λ+4 = {x ∈ R3 | (A2 −A + 4I)x = 0}. Sunep¸c







6 −3 −2
4 −1 −2
10 −5 −2




2

−



6 −3 −2
4 −1 −2
10 −5 −2


 + 4




1 0 0
0 1 0
0 0 1










x
y
z


 =




0
0
0










4 −5 −2
0 −1 −2
20 −15 −6


−




6 −3 −2
4 −1 −2
10 −5 −2


 + 4




1 0 0
0 1 0
0 0 1










x
y
z


 =




0
0
0







2 −2 0
−4 4 0
10 −10 0







x
y
z


 =




0
0
0




⇔




2x− 2y = 0
−4x + 4y = 0
10x− 10y = 0

⇔
{

x = y
y, z ∈ R

'Ara Nλ2−λ+4 = {(y, y, z) | y, z ∈ R}. Sunep¸c apì to je¸rhma prwtarqik c
an�lushc èqoume:

R3 = Nλ−2 ⊕Nλ2−λ+4.

'Ara mporoÔme na broÔme mia b�sh tou R3 pou na apoteleÐtau apì dianÔsmata
twn mhdenìqwrwn Nλ−4 kai Nλ2−λ+4:

B = {(1,−2, 5), (1, 1, 0), (0, 0, 1)}.

Apì thn upìjesh brÐskoume ton tÔpo thc f : R3 −→ R3: f(x, y, z) = (6x− 3y−
2z, 4x − y − 2z, 10x − 5y − 2z). UpologÐzoume t¸ra ton pÐnaka thc f wc proc
th b�sh B. 'Eqoume:

f(1,−2, 5) = (2,−4, 10) = 2(1,−2, 0) + 0(1, 1, 0) + 0(0, 0, 1)
f(1, 1, 0) = (3, 3, 5) = 0(1,−2, 5) + 3(1, 1, 0) + 5(0, 0, 1)
f(0, 0, 1) = (−2,−2,−2) = 0(1,−2, 5) + (−2)(1, 1, 0) + (−2)(0, 0, 1).
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'Ara

[f ]B =




2 0 0
0 3 −2
0 5 −2


 .

11. 'Estw f ∈Endk(R3), me f(x, y, z) = (x + y − z,−x + 3y − z,−x + y).
BreÐte thn prwtarqik  an�lush thc f . Sth sunèqeia breÐte mia b�sh tou R3

tètoia ¸ste o pÐnakac thc f wc proc aut  th b�sh na eÐnai thc morf c



A1 0 · · · 0
0 A2

. . .
0 Ak


 .

O pÐnakac thc f wc proc thn kanonik  b�sh tou R8 eÐnai:

[f ] =




1 1 −1
−1 3 −1
−1 1 0


 .

To qarakthristikì polu¸numo thc f eÐnai:

χf (λ) = det([f ]− λI)

= det




1− λ 1 −1
−1 3− λ −1
−1 1 −λ




= (1− λ)
∣∣∣∣
3− λ −1

1 −λ

∣∣∣∣ +
∣∣∣∣
1 −1
1 −λ

∣∣∣∣−
∣∣∣∣

1 −1
3− λ −1

∣∣∣∣
= (1− λ)[λ2 − 3λ + 1] + (1− λ)− (2− λ)
= −λ3 + 4λ2 − 4λ

= −λ(λ− 2)2.

Epeid  ta polu¸numa λ − 2 kai λ eÐnai an�gwga sto R èpetai ìti to el�qisto
polu¸numo thc f isoÔtai me λ(λ− 2)   λ(λ− 2)2. Pr¸ta exet�zoume an f2− 2f
isoÔtai me mhdèn. 'Eqoume

(f2 − 2f)(x, y, z) = f(f(x, y, z))− 2f(x, y, z)
= f(x + y − z,−x + 3y − z,−x + y)− 2(x + y − z,−x + 3y − z,−x + y)
= (x + 3y − 2z,−3x + 7y − 2z,−2x + 2y)− (2x + 2y − 2z,−2x + 6y − 2z,−2x + 2y)
= (−x + y,−x + y, 0) 6= 0.

Sunep¸c Qf (λ) = −λ(λ − 2)2. Upologizoume touc q¸rouc N(λ−2)2 kai Nλ.
Pr¸ta èqoume N(λ−2)2 = {v ∈ R3 | (f − 2id)2v = 0}. Sunep¸c

(f − 2id)2(x, y, z) = (0, 0, 0)
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⇔ (f − 2id) ◦ (f − 2id)(x, y, z) = (0, 0, 0)
⇔ (f − 2id)((x + y − z,−x + 3y − z,−x + y)− (2x, 2y, 2z)) = (0, 0, 0)
⇔ (f − 2id)(−x + y − z,−x + y − z,−x + y − 2z) = (0, 0, 0)
⇔ (−x + y,−x + y, 0)− (−2x + 2y − 2z,−2x + 2y − 2z,−2x + 2y − 4z) = (0, 0, 0)
⇔ (x− y + 2z, x− y + 2z, 2x− 2y + 4z) = (0, 0, 0)
⇔ x = y − 2z, y, z ∈ R.

'Ara N(λ−2)2 = {(y − 2z, y, z) | y, z ∈ R}. Sth sunèqeia upologÐzoume to Nλ.
'Eqoume Nλ = {v ∈ R3 | Av = 0}. Sunep¸c

f(x, y, z) = (0, 0, 0)
⇔ (x + y − z,−x + 3y − z,−x + y) = (0, 0, 0)

⇔




x = y
z = 2y
y ∈ R

'Ara Nλ = {(y, y, 2y) | y ∈ R}. Sunep¸c apì to je¸rhma prwtarqik c an�lushc
èqoume:

R3 = N(λ−2)2 ⊕Nλ.

'Ara mporoÔme na broÔme mia b�sh tou R3 pou na apoteleÐtai apì dianÔsmata
twn mhdenìqwrwn N(λ−2)2 kai Nλ:

B = {(1, 1, 0), (−2, 0, 1), (1, 1, 2)}.

UpologÐzoume t¸ra ton pÐnaka thc f wc proc th b�sh B. 'Eqoume:

f(1, 1, 0) = (2, 2, 0) = 2(1, 1, 0) + 0(−2, 0, 1) + 0(1, 1, 2)
f(−2, 0, 1) = (−3, 1, 2) = 1(1, 1, 0) + 2(−2, 0, 1) + 0(1, 1, 2)

f(1, 1, 2) = (0, 0, 0) = 0(1, 1, 0) + 0(−2, 0, 1) + 0(1, 1, 2).

'Ara

[f ]B =




2 1 0
0 2 0
0 0 0


 .
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